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1. NORMALIZED TAUTOLOGICAL DIVISOR
$X$ $r$ ( $-$
) $\mathcal{E}$ $\mathrm{P}^{r-1}$ $\pi:P=\mathrm{P}(\mathcal{E})arrow X$ ,
$\pi_{*}O_{P}(H)\simeq \mathcal{E}$
$P$ (divisor) $H$ $\mathcal{E}$ (tautological divisor) . Nor-
malized tautological divisor A $l\mathrm{h}$
$\Lambda:=H-\pi^{*}\det \mathcal{E}\underline{1}$
$r$
$\mathbb{Q}$ , $r\Lambda$ (relative anti-canonical divisor)
$-K_{P/x}$ . ([NS], [M2, 3.1]).
1. $X$ , .
(1) A $\mathrm{n}\mathrm{e}\mathrm{f}$ , $P$ $C$ $\Lambda\cdot C$ .
(2) $P$ (effective divisor) $\mathrm{n}\mathrm{e}\mathrm{f}$ .
(3) $\mathcal{E}$ (semi-stable).
$X$ , $\mathcal{E}$ , A (pseudo-effective) .
$X$ .
. $X$ $\mathrm{P}^{2},$ $\mathcal{E}$ . $P$ , $\mathrm{P}^{2}$ $\mathrm{P}^{1}$ ,
$L_{1},$ $L_{2}$ , $H$ $L_{1}+L_{2}$
, A , $L_{2}-(1/2)L_{1}$ $\mathbb{Q}$ . $\Lambda\cdot L_{2}^{2}=-1/2$ A
.
A $\mathrm{n}\mathrm{e}\mathrm{f}$ , $\mathcal{E}$ .
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2. .
(1) A $\mathrm{n}\mathrm{e}\mathrm{f}$ .
(2) (ample divisor) $A$ , $\mathcal{E}$ $A$ , Chern
$(c_{2}( \mathcal{E})-\frac{r-1}{2r}C_{1}^{2}(\mathcal{E}))\cdot A^{d}-2=0$
. $d_{--}\dim X$ .
(3)
$0=\mathcal{E}_{0}\subset \mathcal{E}_{1}\subset\cdots\subset \mathcal{E}_{l}=\mathcal{E}$
, /E, $-1$ Hermite ,
Chern
$\frac{1}{\mathrm{r}\mathrm{a}\mathrm{n}\mathrm{k}\mathcal{E}_{i}/\mathcal{E}_{i-1}}c_{1}(\mathcal{E}_{i}/\mathcal{E}_{i}-1)$
$1\leq i\leq l$ , .
Hermitian-Einstein ([NS],
[MR1], [MR2], [D], [UY1], [UY2], [BS] $)$ .
A $\mathcal{E}$ ?
3. $A$ , $\mathcal{E}$ 2 $A$ , A
. A nef .
(A) $M_{1}\cdot A^{d-1}=M_{2}\cdot A^{d-1}$
$\mathcal{E}\simeq o_{X}(M_{1})\oplus o_{X}(M_{2})$
$M_{1},$ $M_{2}$ .




$0arrow \mathcal{O}_{X}(L_{1})arrow \mathcal{E}arrow I\mathcal{O}_{X}(L_{2})arrow 0$ ,





, , $H^{3}=-C_{2}=-24<0$ $H=\Lambda$ $\mathrm{n}\mathrm{e}\mathrm{f}$ , 3
. $([\mathrm{Y}])$
(B) , . , $[\mathrm{K}$ ,
Theorem $\mathrm{C}$] $\kappa(H)=-\infty$ .
, [M1] generically semi-positive .
5. 2 normalized tautological divisor
, .
. $\mathcal{E}$ .
$0arrow \mathcal{L}arrow \mathcal{E}arrow I_{Z}\mathcal{M}arrow 0$
, $\mathcal{L},$ $\mathcal{M}$ , $I_{Z}$ $0$ subscheme $Z$ , $A$








. A $\sigma$ $([\mathrm{N}1])\Lambda=P+N$ .
$N\sim_{\mathrm{n}\mathrm{u}\mathrm{m}}b\Lambda+\pi^{*}D$ , $P\sim_{\mathrm{n}\mathrm{u}\mathrm{m}}(1-b)\Lambda-\pi^{*}D$,
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$X$ $\mathbb{R}$ $D$ $0\leq b\leq 1$ . $\sim_{\mathrm{n}\mathrm{u}\mathrm{m}}$
. $m$ $|mA|$ $d-1$ – $A_{1},$ $A_{2},$ $\ldots,$ $A_{d-1}$
)
$C=A_{1}\cap A_{2d1}\cap\cdots\cap A-$
. Mehta Ramanathan [MR1] , $\mathcal{E}_{|C}$ . ,
, $X$ $\mathbb{R}$ $E$
$(\Lambda+\pi^{*}E)_{1}\pi-1(c_{)}$
, $E\cdot A^{d-1}\geq 0$ . , $N_{|\pi^{-1}(C}$) $P_{|\pi^{-1}(C}$) , $b>0$
$D\cdot A^{d-1}\geq 0$ , $b<1$ $D\cdot A^{d-1}\leq 0$ .
$b<1$ . $P$ movable (cf. [N1]) $P^{2}$ 2
(pseudo-effective cycle) . $N^{2}(P)$ ,
. ,
$\pi_{*}(P^{2})=-2(1-b)D$
$X$ $\mathbb{R}$ . $b>0$ $D\cdot A^{d-1}=0$ $D$
. $N\sim_{\mathrm{n}\mathrm{u}\mathrm{m}}b\Lambda$ $P\sim_{\mathrm{n}\mathrm{u}\mathrm{m}}(1-b)\Lambda$ , . $b=0$ .
, $-N\sim_{\mathrm{n}\mathrm{u}\mathrm{m}}-\pi^{*}D$ , $N=0$ . - ,
$\Lambda^{2}=P^{2}=-\pi^{*}(c_{2}(\mathcal{E})-\frac{r-1}{2r}C^{2}(1\mathcal{E}))$
, Chern .
$b=1$ . $P\sim_{\mathrm{n}\mathrm{u}\mathrm{m}}-\pi^{*}D$ movable , $b>0$








, $i$ $D_{i}\cdot A^{d-1}=0$ $b_{i}>0$ . .
(I) $b_{i}\geq 2$ $i$ .
(II) $N$ , $i$ $b_{i}=1$ .
(III) $N$ – $\Gamma_{1}$ , $b_{\mathrm{I}}\cdot=1$ .
(I) . $b_{1}\geq 2$ . $Y=\Gamma_{1}$ , $\pi:Yarrow X$ $b_{1}$ generically
finite . ,
$K_{Y}\sim\pi^{*}K_{x+}((b_{1}-2)\Lambda+\pi^{*}D_{1})|Y$
. $R_{Y/X}$ $((b_{1^{-}}2)\Lambda+\pi^{*}D_{1})_{|Y}$ . $R_{Y/X}$ ,
$\pi_{*}$ $(((b_{1} - 2)\Lambda+\pi^{*}D_{1})_{|Y})=\pi_{*}(((b_{1} - 2)\Lambda+\pi^{*}D_{1})\cdot(b_{1}\Lambda+\pi^{*}D_{1}))=2(b_{1} - 1)D_{1}$
$X$ . $D_{1}\cdot A^{d-1}=0$ $D_{1}\sim_{\mathbb{Q}}0$ . $Y=\Gamma_{1}\sim \mathbb{Q}b1\Lambda$ . $\sigma$
$\sigma_{i}=\sigma_{\Gamma_{i}}(\Lambda)=\frac{1}{b_{1}}\sigma_{\Gamma_{i}}(Y)$
, $N$ – $Y=\Gamma_{1}$ , $N=(1/b_{1})Y$ . , $R_{Y/X}$
$(b_{1}-2)\Lambda|Y$ $\mathbb{Q}$ . $H+m\pi^{*}A$ $m$ . ,
$,(*)$ $\pi_{*}((H+m\pi^{*}\dot{A})\cdot((b_{1}-2)\Lambda)\cdot Y)=b_{1}(b_{1}-2)\pi_{*}(H\cdot\Lambda 2)=-b_{1}(b_{1^{-2)}}\triangle_{2}(\mathcal{E})$
.
$\triangle_{2}(\mathcal{E}):=c_{2}(\mathcal{E})-^{\frac{r-1}{2r}c_{1}(}2\mathcal{E})$
. $b_{1}\geq 3$ , Bogomolov , $\triangle_{2}(\mathcal{E})=0$ 2 A
nef , . $b_{1}=2$ . $\pi:Yarrow X$ fiber
$\mathrm{P}^{1}$ , $(*)$ $R_{Y/X}=0$ . $\mathrm{Y}arrow X$
.
$0arrow \mathcal{O}_{P}(H-Y)arrow \mathcal{O}_{P}(H)arrow \mathcal{O}_{Y}(H)arrow 0$
$\mathcal{E}\simeq\pi_{*}\mathcal{O}_{Y}(H)$ , $\mathcal{E}$ (B) .
, (II), (III) (A), (C) .
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3.
(1) 3 . $\sigma$
.
(2) $X$ $\mathbb{R}$ $D$ $H+\pi^{*}D$ $\mathrm{n}\mathrm{e}\mathrm{f}$ , $N^{1}(X)$
. $\deg D\geq-1$ $H+\pi^{*}D$ nef (
) .
(3) $X$ $\mathcal{E}$ 2 , , $f:Yarrow X$ $Y$
$A$ , $f^{*}\mathcal{E}$ $A$ , A $\mathrm{n}\mathrm{e}\mathrm{f}$ ?
(4) , $K3$ $P$ $\Gamma$ $H_{|\Gamma}$ ,
?
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